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Coherent nonlinear optical response of graphene in the quantum Hall regime
H.K. Avetissian and G.F. Mkrtchian
Centre of Strong Fields Physics, Yerevan State University, 1 A. Manukian, Yerevan 0025, Armenia
We study nonlinear optical response of graphene in the quantum Hall regime to an intense laser
pulse. In particular, we consider harmonic generation process. We demonstrate that the generalized
magneto-optical conductivity of graphene on the harmonics of a strong pump laser radiation has
a characteristic Hall plateaus feature. The plateaus heights depend on the laser intensity and
broadening of Landau levels, so that are not quantized exactly. This nonlinear effect remains
robust against the significant broadening of Landau levels. We predict realization of an experiment
through the observation of the third harmonic signal and nonlinear Faraday effect, which are within
the experimental feasibility.
PACS numbers: 73.43.-f, 78.67.Wj, 78.47.jh, 42.50.Hz
I. INTRODUCTION
Graphene, a single sheet of carbon atoms in a hon-
eycomb 2D lattice, has attracted a tremendous interest
since its experimental realization.1,2 Graphene possesses
several exotic features because of a linear energy disper-
sion law around the two nodal points K and K ′ in the
Brillouin zone. Due to its unique electronic band struc-
ture and specific electromagnetic properties (in partic-
ular, high degree of nonlinearity3), graphene is widely
considered as a promising material in various nonlin-
ear optical applications. Hence, it is of actual interest
to study graphene fundamental physics in the presence
of an electric, magnetic, and/or optical fields. When
a static magnetic field (uniform) is applied perpendic-
ular to the graphene plane, the electron energy is quan-
tized forming nonequidistant Landau levels (LL). For
the massless Dirac quasiparticles extra LL appears with
zero energy shared by both electrons and holes with-
out an energy gap. As a consequence, in the graphene
the anomalous half-integer quantum Hall effect (QHE)
takes place.4–7 This differs strongly from a integer QHE
in conventional two-dimensional electron gas.8 As is well
known, in the static QHE the Hall resistance is quan-
tized into plateaus, which is a topological phenomenon.9
Thus, being topologically protected it is robust against
details of the disorder. Topological analysis of the QHE
in graphene10 shoes that the zero-mass Dirac QHE per-
sists up to the van Hove singularities. Optical response
of the graphene QHE system has been studied by dif-
ferent groups. Optical conductivity of graphene QHE
system with the different aspects have been studied in
Refs. [11–17]. Ultrafast carrier dynamics and carrier
multiplication in Landau-quantized graphene have been
investigated in Refs. [18,19]. In Refs. [16,20] tunable
graphene-based laser on the Landau levels in the tera-
hertz regime have been proposed. As was shown in Ref.
[11] the plateau structure in the QHE in 2DEG and in
graphene is retained, up to significant degree of disor-
der, even in the ac (THz) regime, although the heights of
the plateaus are no longer quantized. While most of the
works have concentrated on static or linear optical prop-
erties of the graphene QHE system, one direction that
has not been fully explored is the nonlinear response of
Landau-quantized graphene to a strong laser radiation,
which is the purpose of the present study. Note that in
the absence of the magnetic field graphene is an effective
material for multiphoton interband excitation, wave mix-
ing, and harmonic generation.3,21 Thus, in the magnetic
field due to peaks in the density of states one can expect
enhancement of the harmonic radiation power.
In the graphene QHE system, wave-particle interac-
tion can be characterized by the dimensionless parameter
χ = eE0lB/~ω, which represents the work of the wave
electric field E0 on the magnetic length lB =
√
c~/eB
(e is the elementary charge, ~ is Planck’s constant, c
is the light speed in vacuum, and B is the magnetic
field strength) in units of photon energy ~ω. Depend-
ing on the value of this parameter χ, one can distinguish
three different regimes in the wave-particle interaction
process. Thus, χ << 1 corresponds to the one-photon
interaction regime, χ >> 1 corresponds to the static
field limit, and χ ∼ 1 to the multiphoton interaction
regime. In this paper we consider just multiphoton in-
teraction regime and look for features in the harmonic
spectra of the laser driven graphene. Accordingly, the
time evolution of the considered system is found using a
nonperturbative numerical approach, revealing that the
generalized magneto-optical conductivity of graphene on
the harmonics of a strong pump laser radiation in the
quantum Hall regime has a characteristic Hall plateaus
feature. The plateaus heights are not quantized exactly
and depend on the laser intensity and broadening of Lan-
dau levels. The effect remains robust against a signifi-
cant broadening of Landau levels and takes place for wide
range of intensities and frequencies of a pump wave.
The paper is organized as follows. In Sec. II the Hamil-
tonian which governs the quantum dynamics of consid-
ered process and the set of equations for a single-particle
density matrix are formulated. In Sec. III, we numeri-
cally solve obtained equations and consider coherent non-
linear optical response of graphene in the quantum Hall
regime on the fundamental harmonic with limiting lin-
ear case and on the third harmonic of an incident wave.
2Finally, conclusions are given in Sec. IV.
II. BASIC MODEL AND EVOLUTIONARY
EQUATION FOR DENSITY MATRIX
We begin our study with construction of the Hamil-
tonian which governs the quantum dynamics of consid-
ered process. The graphene sheet is taken in the xy
plane (z = 0) and a uniform static magnetic field is ap-
plied in the perpendicular direction. A plane linearly
polarized (along the x axis) quasimonochromatic elec-
tromagnetic radiation of carrier frequency ω and slowly
varying envelope E0(t) interacts with the such system.
To avoid nonphysical effects semi-infinite pulses with
smooth turn-on, in particular, with hyperbolic tangent
E0(t) = E0tanh(t/τr) envelope is considered. Here the
characteristic rise time τr is chosen to be τr = 20pi/ω.
We consider the case of interaction when the wave propa-
gates in the perpendicular direction to the graphene sheet
to exclude the effect of the wave magnetic field.3 Un-
der these circumstances the single-particle Hamiltonian
of graphene QHE system in the presence of a uniform
time-dependent electric field
E(t) = E0(t) cosωt (1)
reads:
Hs = ~ωB
(
0 â
â† 0
)
+
[
Î
elBE(t)√
2
(
b̂+ iâ
)
+ h.c.
]
. (2)
Here ωB =
√
2vF /lB plays the role of the cyclotron
frequency, vF is the Fermi velocity, and Î is the iden-
tity matrix. For the interaction Hamiltonian we use a
length gauge describing the interaction by the potential
energy. The ladder operators â and â† describe quantum
cyclotron motion, while b̂ and b̂† correspond to guiding
center motion. These ladder operators satisfy the usual
commutation relations [â, â†] = 1 and [̂b, b̂†] = 1. The
Hamiltonian is applicable near the K point in the Bril-
louin zone. For the considered model there are no in-
tervalley transitions and the valley index, as well as spin
index will be skipped. They will be incorporated into
the consideration via the spin gs and valley gv degener-
acy factors.
The single free particle Hamiltonian, that is the first
term in Eq. (2) can be diagonalized analytically.7 The
wave function and energy spectrum are given by
|ψn,m〉 =
√
(1 + δn,0) /2
(
sgn(n)| |n| − 1,m〉
| |n| ,m〉
)
, (3)
εn = sgn(n)~ωB
√
|n|. (4)
Here | |n| ,m〉 = | |n|〉 ⊗ |m〉, with | |n|〉 and |m〉 being
the harmonic oscillator wave functions. The eigenstates
(3) are defined by the quantum numbers n = 0,±1...
and m = 0, 1... Here n is the LL index – for an elec-
tron n > 0 and for a hole n < 0. The extra LL with
n = 0 is shared by both electrons and holes. The LLs
are degenerate upon second quantum number m with
the large degeneracy factor NB = S/2pil2B which equals
the number of flux quanta threading the 2D surface S
occupied by the electrons. The terms ∼ âE(t) in the
Hamiltonian (2) describe transitions between LLs, while
the terms ∼ b̂E(t) describe transitions within the same
LL. These transitions can be excluded from the consid-
eration by the appropriate choice of Dirac states for the
construction of the carrier quantum field operators. Ex-
panding the fermionic field operator
|Ψ̂〉 =
∑
n,m
ân,m|ψ˜n,m〉 (5)
over the dressed states
|ψ˜n,m〉 = exp
[
− i
~
elB√
2
∫ t
0
E(t′)dt′
(
b̂† + b̂
)]
|ψn,m〉, (6)
the Hamiltonian of the system in the second quantization
formalism
Ĥ =
〈
Ψ̂
∣∣∣Hs ∣∣∣Ψ̂〉
can be presented in the form:
Ĥ =
∞∑
n=−∞
NB−1∑
m=0
εnâ
+
n,mân,m
+
∞∑
n,n′=−∞
NB−1∑
m=0
E(t)Dn,n′ â+n,mân′,m, (7)
where â†n,m and ân,m are, respectively, the creation and
annihilation operators for a carrier in a LL state, and
Dn,n′ is the dipole moment operator:
Dn,n′ = ielB
2
√
2
[
κn,n′δ|n|,|n′|+1 + κn′,nδ|n|,|n′|−1
] ~ωB
εn′ − εn ,
(8)
where κn,n′ = sgn(n)
√
1 + δn′,0. Then we will pass to
Heisenberg representation where operators obey the evo-
lution equation
i~
∂L̂
∂t
=
[
L̂, Ĥ
]
and expectation values are determined by the initial den-
sity matrix D̂: < L̂ >= Sp
(
D̂L̂
)
. In order to develop
microscopic theory of the nonlinear interaction of the
graphene QHE system with a strong radiation field, we
need to solve the Liouville-von Neumann equation for the
single-particle density matrix
ρ(n1,m1;n2,m2, t) =< â
+
n2,m2(t)ân1,m1(t) > . (9)
For the initial state of the graphene quasiparticles we
assume an ideal Fermi gas in equilibrium. According to
3the latter, the initial single-particle density matrix will be
diagonal, and we will have the Fermi-Dirac distribution:
ρ(n1,m1;n2,m2, 0) = ρF (n1)
δn1,n2δm1,m2
1 + exp
(
εn1−εF
T
) , (10)
ρF (n1) =
1
1 + exp
(
εn1−εF
T
) . (11)
Including in Eq. (10) quantity εF is the Fermi energy, T
is the temperature in energy units. As is seen from the in-
teraction term in the Hamiltonian (7) quantum number
m is conserved: ρ(n1,m1;n2,m2, t) = ρn1,n2 (t) δm1,m2 .
To include the effect of the LLs broadening we will as-
sume that it is caused by the disorder described by ran-
domly placed scatterers. When the range of the random
potential is larger than the lattice constant in graphene,
the scattering between K and K ′ points in the Bril-
louin zone is suppressed and we can assume homogeneous
broadening of the LLs.22 The latter can be incorporated
into evolution equation for ρn1,n2 (t) by the damping term
−iΓn1,n2ρn1,n2 (t) and from Heisenberg equation one can
obtain evolution equation for the reduced single-particle
density matrix:
i~
∂ρn1,n2(t)
∂t
= [εn1 − εn2 ] ρn1,n2(t)− iΓn1,n2ρn1,n2 (t)
− E(t)
∑
n
[Dn,n2ρn1,n(t)− Dn1,nρn,n2(t)] . (12)
For the norm-conserving damping matrix we take
Γn1,n2 = Γ (1− δn1,n2), where Γ measures the Landau
level broadening.
III. COHERENT NONLINEAR OPTICAL
RESPONSE
Solving Eq. (12) with the initial condition (10) one
can reveal nonlinear response of the graphene QHE sys-
tem to a strong laser radiation. At that one can expect
intense radiation of harmonics of the incoming wave-
field in the result of the coherent transitions between
LLs. The harmonics will be described by the additional
generated fields E
(g)
x,y. We assume that the generated
fields are considerably smaller than the incoming field∣∣∣E(g)x,y∣∣∣ << |E|. In this case we do not need to solve
self-consistent Maxwell’s wave equation with Heisenberg
equations. To determine the electromagnetic field of har-
monics we can solve Maxwell’s wave equation in the prop-
agation direction with the given source term:
∂2E
(t)
x,y
∂z2
− 1
c2
∂2E
(t)
x,y
∂t2
=
4pi
c2
∂Jx,y (t)
∂t
δ (z) . (13)
Here δ (z) is the Dirac delta function, E
(t)
x,y is the total
field, and Jx,y (t) is the mean value of the surface current
density operator:
Ĵx (t) = −evF gsgvS
〈
Ψ̂
∣∣∣σx ∣∣∣Ψ̂〉 ,
Ĵy (t) = −evF gsgvS
〈
Ψ̂
∣∣∣σy ∣∣∣Ψ̂〉 . (14)
Here gs = 2 and gv = 2 are the spin and valley degen-
eracy factors, respectively. With the help of Eqs. (5)
and (9), the expectation value (14) of the total current
in components can be written in the following form:
Jx = −evF
pil2B
∑
n,n′
ρn′,n
(
κn,n′δ|n|,|n′|+1 + κn′,nδ|n|,|n′|−1
)
,
Jy = − ievF
pil2B
∑
n,n′
ρn′,n
(
κn′,nδ|n|,|n′|−1 − κn,n′δ|n|,|n′|+1
)
.
(15)
In Eq. (15) we have also made summation over the
quantum number m which yields the degeneracy factor
S/2pil2B. The solution to equation (13) reads
E(t)x,y (t, z) = Ex,y (t− z/c)
− 2pi
c
[θ (z)Jx,y (t− z/c) + θ (−z)Jx,y (t+ z/c)] , (16)
where θ (z) is the Heaviside step function with θ (z) = 1
for z ≥ 0 and zero elsewhere. The first term in Eq. (16)
is the incoming wave. In the second line of Eq. (16),
we see that after the encounter with the graphene sheet
two propagating waves are generated. One traveling in
the propagation direction of the incoming pulse and one
traveling in the opposite direction. The Heaviside func-
tions ensure that the generated light propagates from the
source located at z = 0. We assume that the spectrum
is measured at a fixed observation point in the forward
propagation direction. For the generated field at z > 0
we have
E(g)x,y (t− z/c) = −
2pi
c
Jx,y (t− z/c) . (17)
Now, performing the summation in Eqs. (15) and us-
ing solutions (17) we can calculate the harmonic radia-
tion spectrum with the help of Fourier transform of the
functions E
(g)
x,y (t− z/c):
E(g)x,y (s) =
ω
2pi
∫ 2pi/ω
0
E(g)x,y (t) e
isωtdt = −2pi
c
J (s)x,y , (18)
where
J (s)x,y =
ω
2pi
∫ 2pi/ω
0
Jx,y (t) eisωtdt. (19)
4Let us now introduce generalized magneto-optical con-
ductivity of graphene
Σ(s)xx (ω,E0) =
J (s)x
E
(1)
x
=
2J (s)x
E0
, (20)
Σ(s)yx (ω,E0) =
J (s)y
E
(1)
x
=
2J (s)y
E0
. (21)
Note that in the limit E0 → 0 at s = 1, from the general-
ized conductivity (20) and (21) one can derive magneto-
optical conductivity of graphene obtained within the
framework of linear response theory:
Σ(1)xx (ω,E0 → 0) = σxx (ω) , (22)
Σ(1)yx (ω,E0 → 0) = σyx (ω) . (23)
For s 6= 1 the quantities defined via Eqs. (20) and (21)
describe nonlinear response of the graphene QHE via ra-
diation of harmonics. In the following the nonlinear ef-
fects on the fundamental harmonic with limiting linear
case and on the third harmonic will be considered sepa-
rately.
A. Linear magneto-optical conductivity of
graphene
For the comparison with the nonlinear case and for
completeness in this subsection we consider magneto-
optical conductivity of graphene in the scope of linear
response theory. Thus, we first solve Eq. (12) in the first
order over the field E(t). We look for the solution of Eq.
(12) in the form
ρn1,n2(t) ≃ ρ(0)n1,n2 + ρ(1)n1,n2 ,
with
ρ(0)n1,n2(t) = ρF (n1) δn1,n2 .
Keeping only first order over E(t) terms from Eq. (12)
one can obtain the solution
ρ(1)n1,n2(t) =
Dn1,n2 [ρF (n1)− ρF (n2)]
εn1 − εn2 + ~ω − iΓ
E0e
iωt
2
+
Dn1,n2 [ρF (n1)− ρF (n2)]
εn1 − εn2 − ~ω − iΓ
E0e
−iωt
2
, (24)
where we have assumed adiabatic turn on of the field E0(t→ 0) = 0. The magneto-optical conductivity of graphene
corresponding to obtained density matrix (24), according to Eqs. (20)-(23) will be given by formulas:
σxx (ω) = −e
2
h
i
2
∑
n1,n2
ρF (n1)− ρF (n2)
εn1 − εn2 + ~ω − iΓ
[
(1 + δn2,0) δ|n1|,|n2|+1 + (1 + δn1,0) δ|n1|,|n2|−1
] ~2ω2B
εn2 − εn1
, (25)
σyx (ω) =
e2
h
1
2
∑
n1,n2
ρF (n1)− ρF (n2)
εn1 − εn2 + ~ω − iΓ
[
(1 + δn2,0) δ|n1|,|n2|+1 − (1 + δn1,0) δ|n1|,|n2|−1
] ~2ω2B
εn2 − εn1
, (26)
where h = 2pi~. Note that Eqs. (25) and (26) for longitu-
dinal (σxx (ω)) and Hall (σyx (ω)) conductivities coincide
with results of Ref. [13] obtained via a Green’s function
calculation and, also, with a Kubo formula calculation
within the Dirac cone approximation.17 The variation
of conductivity with the Fermi energy reveals character-
istic feature of 2D systems: Hall quantization - when
Fermi energy passes through Landau levels. The Hall
conductivity quantization rule for graphene can be ob-
tained from Eq. (26). In the limit of {~ω,Γ, T } << ~ωB
the expression (26) simplifies to
σyx (0) = 4
e2
h
(
nF +
1
2
)
, (27)
the so-called half-integer quantum Hall quantization rule
for graphene4 (nF is the index of the last occupied LL).
In Fig. 1 we display linear optical response of graphene
QHE system via real part of Hall conductivity (26) versus
Fermi energy for various frequencies. The LL broadening
is taken to be Γ = 0.1~ωB. As is seen from this figure
the Hall conductivity quantization rule persist for low
frequency radiation,11,17 however for higher frequencies
it disappears.
5-20
-15
-10
-5
 0
 5
 10
 15
 20
-2 -1.5 -1 -0.5  0  0.5  1  1.5  2
R
e 
σ
yx
 
(e2
/h
)
εF/−hωB
ω/ωB=0.0
ω/ωB=0.2
ω/ωB=0.4
FIG. 1: Linear optical response of graphene QHE system via
real part of the Hall conductivity versus Fermi energy for
various frequencies. The LL broadening is taken to be Γ =
0.1~ωB . Vertical dashed lines indicate Landau levels.
B. Non-linear magneto-optical conductivity of
graphene
For the strong fields Eq. (12) can not be solved an-
alytically and one should use numerical methods. For
this propose the time evolution of system (12) is found
with the help of the standard fourth-order Runge-Kutta
algorithm and for calculation of Fourier transform of the
functions Jx,y (t) the fast Fourier transform algorithm is
used. For all calculations the temperature is taken to be
T/~ωB = 0.01.
Figures 2 and 3 show nonlinear response of the
graphene QHE system via real and absolute value of non-
linear optical Hall conductivity versus Fermi energy for
various pump wave intensities. From these figures we
immediately notice a step-like structure of the non-linear
optical Hall conductivity as a function of εF for vari-
ous pump wave intensities. In these figures the vertical
dashed lines indicate Landau levels. Although the step
heights are not quantized exactly, the flatness, which is a
intrinsic property of the static QHE, surprisingly exists
also in the nonlinear response of the graphene. In the
static QHE the step structure of the Hall conductivity is
a quantum and topological effect. In the considered case
Eqs. (15) does not simply reduce to a topological expres-
sion and the result for the robust plateaus of the nonlin-
ear optical response is nontrivial. We further examine
how the step-like structure in the nonlinear response of
the graphene behaves for various pump wave frequencies.
Absolute value of non-linear optical Hall conductivity of
graphene QHE system at the fundamental harmonic is
shown in Fig. 4. Thus, the step structure preserves for
the wide range of the pump wave frequencies.
We also examine how the step-like structure in the non-
linear optical response of graphene QHE system behaves
as we vary the LL broadening. So we have calculated Σ
(1)
yx
as a function of Γ, for fixed values of ω and χ. We can
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FIG. 2: Real part of non-linear optical Hall conductivity of
graphene QHE system versus Fermi energy for various pump
wave intensities with ω = 0.5ωB . The LL broadening is taken
to be Γ = 0.2~ωB .
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FIG. 3: Absolute value of non-linear optical Hall conductiv-
ity of graphene QHE system versus Fermi energy for various
pump wave intensities with ω = 0.5ωB . The LL broadening
is taken to be Γ = 0.2~ωB .
see from Fig. 5 that, while the density of states broadens
with a width ∼ Γ the step structure remains up to large
Γ. Note that the non-linear optical Hall conductivity
of graphene QHE as in the case of linear response case
defines Faraday rotation and ellipticity of the transmit-
ted wave. It is straightforward from Eqs. (18) and (21)
that generated field on the fundamental harmonic polar-
ized perpendicular to the polarization of a pump wave is
defined as
E(g)y = −
2piE0
c
(
ReΣ(1)yx cosωt− ImΣ(1)yx sinωt
)
. (28)
Hence, the absolute value of Faraday rotation angle (ϑF )
and ellipticity (δF ) will be defined as:
|ϑF | = 2pi
c
∣∣∣ReΣ(1)yx ∣∣∣ ; |δF | = 2pic
∣∣∣ImΣ(1)yx ∣∣∣ . (29)
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FIG. 4: Absolute value of non-linear optical Hall conductivity
of graphene QHE system versus Fermi energy and pump wave
frequency (ratio ωB/ω) for a wave of intensity χ = 0.8. The
LL broadening is taken to be Γ = 0.2~ωB .
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FIG. 5: Absolute value of non-linear optical Hall conductiv-
ity of graphene QHE system versus Fermi energy and LL
broadening for a wave of intensity χ = 0.8 and frequency
ω = 0.5ωB .
Thus, Faraday rotation angle and ellipticity present a
step-like structure as the Fermi energy crosses different
Landau levels.
C. Third harmonic radiation process
The nonlinear response of the graphene QHE system
to a strong laser radiation is also proceeded by radia-
tion of harmonics of the incoming wave-field in the result
of the coherent transitions between LLs. As is seen from
 0
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FIG. 6: Generalized longitudinal magneto-optical conductiv-
ity of graphene QHE on the third harmonic of a pump wave
versus ratio ωB/ω for various intensities at εF/~ωB = 0.5.
The LL broadening is taken to be Γ = 0.2~ωB .
Eqs. (12) and (15), the spectrum contains in general both
even and odd harmonics. However, depending on the ini-
tial conditions, in particular, for the equilibrium initial
state (10) and at the smooth turn-on-off of the wave field
the terms containing even harmonics cancel each other
because of inversion symmetry of the system and only
the odd harmonics are generated. The emission strength
of the sth harmonic is characterized by the generalized
magneto-optical conductivity of graphene Σ
(s)
xx and Σ
(s)
yx .
Calculations show that for s > 1
∣∣∣Σ(s)xx ∣∣∣ >> ∣∣∣Σ(s)yx ∣∣∣, that is
harmonics are radiated with the same polarization as in-
coming wave. Hence, we will consider moderately strong
waves and we confine ourselves to only third harmonic ra-
diation process and numerically investigate generalized
longitudinal magneto-optical conductivity of graphene
QHE on the third harmonic Σ
(3)
xx . To determine opti-
mal values of a pump wave frequency for third harmonic
radiation process we calculated Σ
(3)
xx as a function of a
pump wave frequency for various intensities (Fig. 6). As
is seen optimal frequencies are close to the cyclotron fre-
quency ωB.
Then we investigate the variation of conductivity Σ
(3)
xx
with the Fermi energy. In Fig. 7 the third harmonic
radiation strength in graphene QHE system via abso-
lute value of generalized longitudinal conductivity versus
Fermi energy for various pump wave intensities is shown.
From these figure we also notice a step-like structure of
the generalized longitudinal magneto-optical conductiv-
ity on the third harmonic. However,
∣∣∣Σ(3)xx ∣∣∣ decreases
with the increase of the Fermi energy, which is connected
with the fact that due to nonequidistant Landau levels
in graphene the transitions with large energy difference
give main contribution to Σ
(3)
xx for this frequency range
and with the increase of Fermi energy because of Pauli
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FIG. 7: The third harmonic radiation strength in graphene
QHE system via absolute value of generalized longitudinal
conductivity versus Fermi energy for various pump wave in-
tensities with ωB = 1.2ω. The LL broadening is taken to be
Γ = 0.2~ωB .
 0.02
 0.03
 0.04
 0.05
 0.06
 0.07
 0.08
 0.09
 0.1
 0.11
 0.5  1  1.5  2  2.5
|Σ(3
)
xx
| (e
2 /h
)
εF/−hωB
ωB=1.1ω
ωB=1.3ω
ωB=1.5ω
FIG. 8: The third harmonic radiation strength in graphene
QHE system via absolute value of generalized longitudinal
conductivity versus Fermi energy for various pump wave fre-
quencies with χ = 0.8. The LL broadening is taken to be
Γ = 0.2~ωB .
blocking the contribution of these transitions are van-
ished.
We also examine how the step-like structure in the Σ
(3)
xx
behaves depending on the pump wave frequency and LL
broadening. The results of our calculations are shown in
Figs. (8) and (9). Thus, the step structure preserves for
large LL broadening and for the wide range of the pump
wave frequencies.
IV. DISCUSSION AND SUMMARY
Finally let us consider the experimental feasibility of
considered processes. It is clear that in experiment
one can observe the considered effect by measuring Σ
(1)
yx
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FIG. 9: The third harmonic radiation strength in graphene
QHE system via absolute value of generalized longitudinal
conductivity versus Fermi energy for various values of LL
broadening at fixed pump wave frequency ω = 1.1ωB . The
intensity parameter is taken to be χ = 0.7.
and/or Σ
(3)
xx . The first quantity is responsible for the
nonlinear Faraday effect, while last quantity responsible
for third harmonic radiation polarized along the incom-
ing wave polarization. Thus, the step structure should
be observed as jumps in the intensity of third harmonic
(I
(3)
x ) or fundamental harmonic radiation with orthog-
onal polarization (I
(1)
y ). These quantities are propor-
tional to the pump wave intensity (I). From Eqs. (18),
(20), and (21)) it follows that I
(3)
x = α2I
∣∣∣Σ(3)xxh/e2∣∣∣2 and
I
(1)
y = α2I
∣∣∣Σ(1)yx h/e2∣∣∣2, where α is the fine structure con-
stant. For the pump wave field we will assume a CO2
laser with ~ω ≃ 0.1 eV. The average intensity of the
wave for χ = 0.8 is I ≃ 5 × 107 W/cm2. For the setup
of Fig. 7 with the chosen parameters the average inten-
sity of the third harmonic radiation on the first plateau
is I
(3)
x ≃ 30 W/cm2 and the first step is ∆I(3)x ∼ 10
W/cm2. For the setup of Fig. 4 the average intensity on
the first plateau is I
(1)
y ≃ 180 W/cm2 and the first step
is ∆I
(1)
y ∼ 280 W/cm2. Thus, that the present effect is
well within the experimental feasibility.
To summarize, we have presented a microscopic the-
ory of the graphene interaction with coherent electro-
magnetic radiation in the quantum Hall regime. The
evolutionary equation for a single-particle density ma-
trix has been solved numerically. We have revealed that
the nonlinear optical response of graphene to a strong
laser radiation in the quantum Hall regime, in particu-
lar, radiation strength on the third harmonics, as well as
nonlinear Faraday effect, has a characteristic Hall plateau
structures that persist for a wide range of the pump wave
frequencies and intensities even for significant broadening
of LLs because of impurities in graphene.
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